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Abstract. The wide distribution of elements of reinforced concrete structures operating in
biaxial bending conditions requires a comprehensive theoretical and experimental study of their
work. At the present stage, in order to find out the real work of biaxially bended elements, it is
necessary to determine all parameters that can affect the fracture pattern of such elements.
Comparisons of the numerical modelling results of the work of biaxially bended elements with
experimental data are not enough in the literature. Therefore, an important task is to carry out a
numerical simulation of the work of biaxially bended reinforced concrete beams in order to
compare its results with experimental data and to give recommendations on the possibility and
advisability of such modelling for practical use.

15 samples of rectangular reinforced concrete beams made of heavy-weight concrete were
used for experimental and numerical studies. The experimental beams were tested for biaxial pure
bending at various inclination angles of the external load plane. Carrying out numerical calculations
by the finite element method using a PC made it possible to obtain graphs of the distribution of
strains and stresses about the principal axes on the surface of the models, as well as in reinforcing
bars, and their numerical values with an indication of the extrema. The position of the neutral axis
and its change during the loading of sample models were experimentally and numerically studied.

As a result of the study, it was determined that finite-element modelling of the work of
biaxially bended beams allows to take into account the features of the exhaustion of their bearing
capacity. The computational models of beams adopted during the simulation are adequate in the
software package and correspond to real designs. The considered numerical model of reinforced
concrete biaxially bended beam is quite simple and allows studying the stress-strain state at
different percentages of reinforcement and at different inclination angles of external load plane.

Keywords: reinforced concrete, beam, biaxial bending, experiment, numerical simulation.

Introduction. Elements of reinforced concrete structures operating in biaxial bending
conditions in which the plane of external loads action does not coincide with the planes of the main
axes of inertia of the section include: precast concrete girders, which are rested on the upper belts of
trusses and roof beams with two sloping surfaces; crane beams; horizontal elements of outer walls
of frame buildings, side elements of shells; elements of bridges and underground structures;
supports and girders of transport galleries, overpasses and pipelines; foundation and framing beams
used in seismic areas and complex geological conditions; other structures or their elements.

Moreover, as practice shows, biaxial bending arises due to technological inaccuracies in the
manufacture, assembling or strengthening of structures; displacement of the main reinforcement
from its design position; local destruction of reinforced concrete structures and uneven temperature
effects.
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Such wide distribution of elements of reinforced concrete structures operating in biaxial
bending conditions requires a comprehensive theoretical and experimental study of their work. The
accumulation of experimental data and it comparison with the results of numerical simulation will
allow to take into account the peculiarities of the work of elements in biaxial bending and to make
recommendations for improvement of the method of their calculation.

Analysis of the latest sources of research and publications in which the solution to the
problem has been begun. The works [1 — 7] are devoted to experimental studies of strength in the
normal section of reinforced concrete elements operating in biaxial bending conditions. Most of
them focused on determining the destructive load. But the parameters of the deformation mode: x —
the neutral axis depth, 6 — the angle of neutral axis inclination, ey — the maximum strain of the
concrete in the most compressed rib of the beam and the nature of their changes during loading has
not been sufficiently investigated. At the present stage, it is necessary to determine all the
parameters that can influence the Figure of the destruction of such elements in order to find out the
real work of elements operating in biaxial bending conditions. In experimental studies [6 — 7] the
focus has been on defining and comparing characteristic parameters of the stress-strain state of
elements operating in biaxial bending conditions with the designed. Different cross-sectional shapes
of beams operating in biaxial bending conditions and different forms of the compressed concrete
zone were considered.

The identification of previously unsolved parts of the general problem to which the
article is devoted. The comparative analysis of the results of analytical calculations with the
experimental data of the mentioned publications testifies to the convergence of the data. However,
the using of analytical methods for calculating the strength of elements operating in biaxial bending
conditions involves some complications, namely, the necessity to consider each case of the position
of the neutral axis separately and pre-determine the shape of the compressed concrete area [8 — 10].

Numerical methods of calculation allow to approach the problem of calculation more widely and
to consider arbitrary forms of the compressed concrete area in the general formulation [11 — 12]. At the
same time, comparisons of the results of numerical simulation of biaxially bended elements work
with the experimental data in order to determine the feasibility of its use for calculating the strength
of such structures are currently scarce in the literature. This is due to the complexity of
implementation of numerical simulation of stress-strain state of elements under complex
deformation.

The problem statement is to perform numerical modelling of reinforced concrete beams
work operating in biaxial bending conditions in order to compare its results with the experimental
data and to provide recommendations on the possibility and feasibility of such modelling for
practical application.

Materials or methodology of research. 15 samples of reinforced concrete beams of
rectangular profile made of heavy concrete were investigated (Fig. 1).

The tested beams are divided into four series, depending on the number and placement of the
principal longitudinal reinforcement. The design of the experimental specimens, the geometric
dimensions, the reinforcement and the loading diagram are shown in Figure 1. The characteristics of
the concrete and reinforcement, which were used for the experimental beams, are given in Table 1.

Experimental studies were carried out on a special plant with a capacity of 100 kN, which
provides the possibility of beams supporting and applying loads to them according to a given
scheme. This plant allowed to test specimens of the beam at any values of the angle B of inclination
of the load plane and to conduct stress-test with a fault of not more than 5%.

The influence of the angle g of inclination of the external load plane to the vertical axis of
inertia of the section, the number and arrangement of the principal reinforcement on the strength of
the beams, the position of the neutral axis in the normal section, and the fibre strain of the concrete
compressed area were studied during the experimental testing of the beams.
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Fig. 1. Design of experimental specimens and loading scheme

Table 1 — Characteristics of experimental beam specimens

Angle of |Characteristics of Characteristics of longitudinal reinforcement
Code of — - -
speci- _Ioac_i plz_me concrete prmmpal reinforcement s_tructural reinforcement
mens inclination,| fom prism, | Ecm, diameter, fyk, Es, diameter, | fy, Es,
B’ MPa | MPa class MPa | MPa class MPa | MPa
BR-1-1 0 25 24734 1025 A400C| 379 | 200000 |46 A240C| 357 | 200000
BR-1-2| 6,40 25 24734 1025 A400C| 379 | 200000 |46 A240C| 357 |200000
BR-1-3 10 25 24734 1925 A400C| 379 | 200000 |46 A240C| 357 |200000
BR-1-4| 13,36 25 24734 1025 A400C| 379 | 200000 |46 A240C| 357 | 200000
BR-1-5 20 22 23576 |1925 A400C| 379 | 200000 |46 A240C| 357 |200000
BR-2-1| 13,36 14 17992 [1025 A400C| 379 | 200000 |46 A240C| 357 |200000
BR-2-2 20 14 17992 |1025 A400C| 379 | 200000 [4@6 A240C| 357 | 200000
BR-3-1 0 22 23576 |1018 A400C| 542 | 200000 |46 A240C| 357 |200000
BR-3-2| 13,36 22 23576 |1018 A400C| 542 | 200000 |46 A240C| 357 | 200000
BR-3-3 20 22 23576 [1018 A400C| 542 | 200000 (4036 A240C| 357 | 200000
BR-4-1 0 21 20921 |3014 A400C| 581 | 200000 |26 A240C| 357 | 200000
BR-4-2| 6,40 21 20921 |3014 A400C| 581 | 200000 |26 A240C| 357 | 200000
BR-4-3 10 21 20921 (3014 A400C| 581 | 200000 (2006 A240C| 357 | 200000
BR-4-4| 13,36 21 20921 |3014 A400C| 581 | 200000 |26 A240C| 357 | 200000
BR-4-5 20 14 17992 |3014 A400C| 581 | 200000 |206 A240C| 357 | 200000
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Basic material and results. According to the results of observations of flexometer
indications during the experiment, it was found that since the beginning of loading the deflections
of the test beams increased in mutually perpendicular directions. That is, the cross section was
moved in the direction of both axes of the section symmetry. The correlation between the
projections of the total deflection fx/fy on the X and Y axes, respectively, increased as the angle of
inclination £ of the load plane increased.

In the experimental tests, beams with both one and three discretely located principal
reinforcing bars were investigated. In the samples of the BR-1 and BR-3 series, the principal bar
was located at a point with the coordinates of the bars gravity centre of the BR-4 beams. Therefore,
provided that at the time of destruction all the bars in the tensile area reach the yield strength, the
centre of gravity of the reinforcing bars coincides with the point of application of the resultant force
in these bars. That is, the points of application of resultant forces in the tension area of beams of
series BR-1, BR-3 and BR-4 coincide. During the tests, it was noted that the nature of the formation
and crack growth, the increase of deflections, the settling of the supports and the direct destruction
of the beams in series BR-1 with single reinforcement and beams BR-4 which reinforced by three
bars in the tension area, at the same angles £ did not differ.

It should be noted that due to the displacement of the principal reinforcement from the axis of
symmetry of the normal section of all experimental beams, axially symmetric loading at 8 = 0° caused
the phenomenon of provoked biaxial bending of the test beams (BR-1-1, BR-3-1, BR-4-1) (Fig. 2, b).
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Fig. 2. Changing the neutral axis position during the loading process:
a — parallel movement; b — rotation

Bicauk Onecrkoi AepkaBHOI akaaeMii OyIiBHHITBA Ta apXiTekTypH, 2019. — Bum. Ne 77

87



BYIIBEJIbHI KOHCTPYKIIII

Increasing the angle /8 to 6,40° (BR-1-2, BR-4-2) (Fig. 2, b) made it possible to obtain a
separate case of biaxial bending — an analog of simple bending in which the form of the compressed
area of concrete was rectangular. A further increase in the angle g, on the contrary, caused a biaxial
bending, but with a deflection in the other direction. During the tests, this could easily be observed
by following the flexometer indicator movement.

In the study of beams which operating in biaxial bending conditions, special attention was
paid to the determination of the neutral axis position, since it is an important criterion for the
deflection mode of the beam elements. From Fig. 2, a it is seen that in the beams BR-1-4, BR-2-2,
BR-3-2 and BR-4-4 during the entire loading the neutral axis was a parallel moved toward the most
compressed rib. The plane of the external load passed through the point of application of the
resultant force in the principal reinforcement.

In all other beams, a neutral axis rotation was observed in the loading process (Fig. 2, b).
Moreover, its direction depended on the location of the load plane relative to the point of
application of the resultant in the principal reinforcement. In the case of loading at a small angle £,
that is, when the load plane was passing to the right of the resultant force application point in the
principal reinforcement, the neutral axis rotated counter-clockwise as the load increased (Fig. 2, b
BR-1-1, BR-4-2). The rotation of the neutral line clockwise occurred at the plane location of the
external load action to the left of the point of application of the resultant in the principal
reinforcement (Fig. 2, b BR-1-5).

In view of the computer technology development and its wide technical capabilities, it is
convenient to study the stress-strain state of building structures as a whole and its individual
members using computer-aided finite element analysis programs. Therefore, it is decided to repeat
the experimental investigation by numerically simulating the work of similar samples. The
numerical simulation of the stress-strain state of structures was performed on the NASTRAN
system. A training demo version of SDRC-FEMAP 8/ 1a S / N 000-00-00-DEMO-406F-00000000
was used. The finite element model (Fig. 3) of the investigated structures and the subsequent finite
element analysis were performed according to the algorithm shown on Figure 4.

Fig. 3. Finite element model of the studied samples

Ne item The name of the action

1 — Development of spatial geometry of construction

Specification of physical and mechanical characteristics of materials (initial
modulus of elasticity and Poisson's ratio, full stress-strain diagrams)

!

Specify the properties of materials (linear, flat or spatial)

Choosing the type and size of finite elements, their optimization

Splitting the model into finite elements, validating the model

VIV

Application of external loading and boundary conditions

~N OO0 |w DN

Choice of type (linear or nonlinear, strength or stability calculation, static or
dynamic, etc.) and finite element calculation; analysis of the results obtained

!

Fig. 4. An algorithm for creating a finite element model and performing an analysis
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Numerical calculations by the finite element method with the use of a computer made it
possible to obtain graphs of strains and stresses distribution (Table 2) about the principal axes on
the surface of the models, in the reinforcing bars and their numerical values with the indication of

extrema.
Table 2 — Results of finite element study of sample models
The The direction
code of Applied load / of rotation of | Maximum
speci- Sketch of neutral axis position the neutral stress
mens axis
M = 9,00 kNm M = 26,60 kNm | M = 38,30 kNm
| I l 0.=25,2 MPa
N . . . - o
M = 9,00 kNm M=3285kNm | M=43,65kNm
I I . 0.=20,9 MPa
B . . . B o
M = 9,00 kNm M =23,85kNm | M=34,65kNm
| 0.=23,8 MPa
N - - - o
M = 7,65 KNm M = 27,00 kNm | M =42,30 kNm
0.=20,3 MPa
B . . . o
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The materials of the model — steel reinforcement and concrete — were assigned separately as
isotropic. The values of the physical and mechanical characteristics of the materials (modulus of
elasticity and the Poisson’s ratio) and the stress-strain dependence o — ¢ were taken in accordance
with the current norms for the design of reinforced concrete structures. It was assumed that stress
distribution in concrete is described by a fractional-rational function.

A detailed analysis of stress concentration places is performed. The position of the neutral
axis and its change in the process of loading the model samples are identical to the results of the
experiment (Table 2), which indicates that the created model corresponds to the actual operation of
the beam in biaxial bending conditions.

The value of the maximum stresses in materials at the experimental value of the destructive
bending moment (Table 2) determined with the help of a PC coincide with the corresponding
strength characteristics of the test samples (Table 1).

Conclusions. As a result of the research, it was determined that the finite element modelling
of the work of biaxially bended beams on the PC allows to take into account the peculiarities of
their carrying capacity loss. The design beam models in the software complex adopted during the
simulation are adequate and correspond to real constructions. The considered numerical model of
reinforced concrete beam which operating in biaxial bending conditions is quite simple and allows
studying the stress-strain state at different reinforcement ratio and at different angles g of the
inclination of the external load plane. The use of a computer program to simulate the stress-strain
state of a normal cross-section of a beam which operating in biaxial bending conditions allow to
follow changings of position of the neutral axis during loading. Computer modelling also makes it
possible to plan experimental studies and optimize the number and size of samples for testing, to
allocate places in the samples that need special attention during the experiment.
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Tlonmascovkuii HayionanbHuti mexuiynuil yHigepcumem imeni FOpiss Konopamioxa

Anoraunis. [llupoke 3acTocyBaHHSI €JIE€MEHTIB 3113006 TOHHUX KOHCTPYKIIIH, IO MPAIIOI0Th
B YMOBaX KOCOTO 3THHY, BUMarae BCeO1YHOI0 TEOPETUYHOI0 Ta €KCIIEPUMEHTAILHOTO JOCHIIKEHHS
ix podotu. Ha nanomy erari 174 3'siCyBaHHS peanbHOi poOOTH KOCO3ITHYTUX €JIEMEHTIB HEOOX1HE
BU3HA4YEHHS BCIX MapaMeTpiB, sKi MOKYTh BIUIMBATH Ha KapTUHY PYHHYBaHHS TakuX €JIEMEHTIB.
JlaHuX TMOpPIBHSAHB pE3yNbTATIB YHMCEIHLHOTO MOJIENIOBAHHS POOOTH KOCO3ITHYTHUX EJIEMEHTIB 3
€KCIEPUMEHTAIbHUMH JTaHUMU TOKH B JIITEPATypl HEJOCTAaTHHO. TOMY, BaKJIMBUM 3aBJIaHHSAM €
BUKOHAHHS YHMCEIBHOIO MOJENIOBAHHS POOOTH KOCO3IMHYTHX 3ai300€TOHHHMX Oallok 3 METOIo
MOPIBHSHHS HOTO pe3yJbTaTiB 3 €KCIIEPUMEHTAILHUMH JaHUMHU 1 PpEKOMEHIAIT 11010 MOYKIUBOCTI
1 TOLIJIBHOCTI TAKOT'O MOAEIOBAHHS [T MPAKTUYHOTO 3aCTOCYBAHHS.

JUis  eKCnepUMEHTaIbHOIO 1 YHCENBbHOTO JOCIIIKEHHS BUKOPUCTOBYBaiucs 15 3paskiB
3a71300€TOHHUX OaJloK MPSIMOKYTHOTO Npoduno 3 Baxkoro OeroHy. JlocmipkyBaHi Oanku
BUIIPOOOBYBAJIUCS HA KOCUM YUCTHM 3TMH MNpU PI3HUX KyTaXx HaxXMWIy 30BHIIIHBOI CUJIOBOI
wiomuHu. [IpoBefeHHS 4YMCENbHHUX PpO3PaxyHKIB METOJAOM  CKIHYEHHUX €JEMEHTIB 3
BukopuctanssM 1K no3Bonuino orpumaru rpadiku po3noauty aedopMariii 1 HanpyKeHb BIJHOCHO
TOJIOBHUX OCEH Ha MOBEPXHI MOJENeH, a TAKOXK B apMaTypHUX CTEPXKHAX 1 X YUCIIOBI 3HaYEHHS 31
3a3HaYEHHSAM EKCTpeMyMiB. EKCIieprMEeHTaNbHO 1 YUCENIBHO JIOCIHIIKEHO MOJIOKEHHS HEHTpaIbHOL
JiHiT 1 HOoro 3MiHa B MPOLIEC] 3aBaHTAXXEHHS MO/JIeNIel 3pa3KiB.

B  pesynbrari nmpoBeNEHHS  JOCHI[DKEHHS  BHU3HAYEHO, 10 CKIHYEHHO-EJIEMEHTHE
MOJICJIIOBAHHSI POOOTH KOCO3ITHYTHX OaJIOK J03BOJISIE BpaxyBaTH OCOOJMBOCTI BHYEpHAHHS iX
Hecydoi 31aTHOCTI. [IpuitHATI mig 9ac MpOBEACHHS MOJETIOBAaHHS PO3PaxyHKOBI MOJeni Oanok B
IPOrpaMHOMY KOMIUIEKCI aJileKBaTHI Ta BIANOBIAAIOTH pealbHUM KOHCTPYKLisiM. Po3pobiena
YycellbHAa MOJIEb 3aJi300€TOHHOI KOCO3ITHYTOI OalKd JOCHUTh MpOCTa 1 JO3BOJIE€ MPOBOIAUTH
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BYIIBEJIbHI KOHCTPYKIIII

JOCIIJKEHHST HANpy»XeHO-1e()OPMOBAHOTO CTAaHy IMPH PI3HUX BiJICOTKAX apMyBaHHS 1 IPU Pi3HUX
KyTax HaXwJy 30BHINTHBOT CUJIOBOI TIJIOIIUHH.
Kurouosi ciioBa: 3amizo0eToH, 6anka, KOCHA 3THH, €eKCIIEPUMEHT, YNCEITbHE MOJICITIOBAHHSI.
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Tlonmasckuti nayuonanvuslil mexuuyeckuu ynugepcumem umenu FOpusa Konopamioka

AnHoTtanus. [llupokoe pacnpocTpaHEeHHE 3JIEMEHTOB JKE€I€300€TOHHBIX KOHCTPYKLHUH,
paOoTarolMX B YCIOBUSAX KOCOro u3ruba, TpeOyeT BCECTOPOHHEI0 TEOPETHUECKOro U
AKCIIEPUMEHTAJILHOTO HCClIeZIoBaHMsT uX paldoTel. Ha coBpemeHHOM »3Tame [y BbIICHEHUS
peanbHON paboThl KOCOM3TMOAEMBIX 3JEMEHTOB HEOOXOIMMO OIpeJesieHHe BCeX IapaMeTpoB,
KOTOpblE MOTYT BJMSATH Ha KapTHUHY pa3pylIeHUs TaKUX 3JeMEHTOB. Jl[aHHBIX CpaBHEHUM
pe3yabTaTOB  YHUCIEHHOIO  MOJENUpPOBaHMs  pabOThl  KOCOM3TMOAEMBIX  DJIEMEHTOB  C
AKCIIEPUMEHTAJIbHBIMU JAHHBIMU TIOKa B JIUTEpaType HenocTarodHo. [losToMy, BakHOH 3amaueit
SIBJISICTCS BBINOJIHEHUE YUCIEHHOTO MOJEIUPOBaHMs pabOThl KOCOM3IMOAEMBbIX KeIe300€TOHHBIX
0aJIOK C IEJIbI0 CPAaBHEHHSI €T0 PE3yJAbTATOB C IKCIIEPUMEHTAIBHBIMU JTAHHBIMHA M PEKOMEHIAINU O
BO3MOKHOCTH U 11€J1€CO00Pa3HOCTH TaKOT0 MOJIEIMPOBAHUS JUIsl IPAKTUYECKOTO IIPUMEHEHUS.

JUis 3KCHEpUMEHTAJIbHOTO U YHUCJIEHHOTO HCCIIEJOBaHMS HUCIHOJb30BAIUCH 15 00pasuos
KEIe300€TOHHBIX 0aJoK MPSAMOYTroibHOro mpoduias u3 Tspkeraoro OeroHa. OmnbITHBIE Oaiku
UCHBITHIBAINCh HA KOCOM YHCTBIM M3TMO TNpH pa3iMyYHbIX YIJIax HaKJIOHA BHEUIHEW CHIIOBOM
mockocTy. IIpoBeneHne YucIeHHbIX pacueTOB METOIOM KOHEYHBIX DJIEMEHTOB C HUCIOJIb30BaHUEM
[IK no3Bonwio nonyuuTh rpaduku pacnpeneneHus nedopmanuil U HampsDKEHUH OTHOCHUTEIIBHO
IJIaBHBIX OCe Ha IMOBEPXHOCTH MOJENeH, a TaKkKe B apMaTypHBIX CTEPXKHSAX M HMX YHUCIIOBBIE
3HAYEHHUS C YKa3aHHMEM 3KCTPEMYMOB. DKCIEPUMEHTAIbHO M YHUCICHHO HUCCIIEI0BAHO MOJOKEHUE
HYJIEBOM JINHUU U €r0 U3MEHEHHE B IIpoliecce 3arpyXeHus Mojiesiel 00pa31ioB.

B pesynbrare npoBeNEHUS HUCCIEJOBAHMSI OINpPENEICHO, YTO KOHEYHO-3JIEMEHTHOE
MOJIETTMPOBAaHUE PabOThl KOCOM3rMOaeMbIX OAIOK MO3BOJIET yYECTh OCOOEHHOCTH MCUEpHaHUs UX
Hecyliel crnocoOHocTU. [IpuHSATBIE BO BpeMsl MPOBEAECHUS MOJAEIMPOBAHUS pPACUETHBIE MOJIENH
0aloK B MPOrpaMMHOM KOMIUIEKCE aJE€KBAaTHBIE U COOTBETCTBYIOT pealbHbIM KOHCTPYKIUSM.
PaccmarpuBaeMasi 4ucieHHass MOJEIb >K€JIe300€TOHHOM KocomsrnbaeMol Oajku J10CTaTOYHO
IIPOCTa U IMO3BOJISIET MPOBOJUTH UCCIIEIOBAHUS HAIPSKEHHO-AEPOPMUPOBAHHOTO COCTOSIHUS IIPU
Pa3NUYHBIX TPOLEHTAX apMUPOBaHMS M MpPH PaA3IMYHBIX YIJaX HAKJIOHA BHEUIHEH CHIIOBOU
MJIOCKOCTH.

KiroueBble cioBa: xene300eToH, Oanka, KOcoi U3ruO, HKCHEPUMEHT, YHCICHHOE
MOJIETTUPOBaHUE.
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